To study the electron-phonon mechanism of superconductivity in NaxCoO2 · yH2O, we perform semiquantitative analysis of the electron-phonon interaction (EPI) between relevant optical phonons (breathing and shear phonons) and t2g electrons (a1g and e ′ g electrons) in the presence of trigonal distortion. We consider two kinds of contributions to the EPI; the EPI originating from the Coulomb potential of O ions and that originating from the d-p transfer integral between Co and O in CoO6 octahedron. We find that the EPI for shear phonons, which induces the interorbital hopping of electrons, is large in NaxCoO2 · yH2O because of the trigonal distortion of CoO2 layer. For this reason, Tc for s-wave pairing is prominently enlarged owing to interorbital hopping of Cooper pairs induced by shear phonons, even if the top of e ′ g electron band is close to but below the Fermi level as suggested experimentally. This mechanism of superconductivity is referred to as the valenceband Suhl-Kondo (SK) mechanism. Since the SK mechanism is seldom damaged by the Coulomb repulsion, s-wave superconductivity is realized irrespective of large Coulomb interaction U ∼ 5 eV at Co sites. We also study the oxygen isotope effect on Tc, and find that it becomes very small due to strong Coulomb interaction. Finally, we discuss the possible mechanism of anisotropic s-wave superconducting state in NaxCoO2 · yH2O, resulting from the coexistence of strong EPI and the antiferromagnetic fluctuations.
I. INTRODUCTION
Superconducting layered cobalt oxide Na x CoO 2 ·yH 2 O (x ∼ 0.35, y ∼ 1.3) with T c ∼ 4.5 K has attracted considerable attention since it is the first discovered superconducting cobaltates [1] . The parent compound Na x CoO 2 reveals rich phase diagram depending on the Na content x [2] . Yokoi et al. have found that the electronic state of Na x CoO 2 drastically changes at the boundary x ∼ 0.6 [3] . For example, the uniform magnetic susceptibility decreases with decreasing temperature for x ≤ 0.6, while it shows a Curie-Weiss-like behavior for x ≥ 0.6 [3, 4] . The quasiparticle spectra in photoemission spectroscopy [5] and optical conductivity in infrared spectroscopy [6] also decrease with decreasing temperature for x ≤ 0.6. It is noteworthy that these "weak pseudogap" behavior is also observed in the normal state of superconducting Na x CoO 2 · yH 2 O. In the superconducting state of Na x CoO 2 · yH 2 O, a sizable decrease of the Knight shift is observed independently of the direction of magnetic field, which indicates that the spin singlet superconductivity is realized [7, 8, 9] . A power law behavior in 1/T 1 T suggests the large anisotropy in superconducting gap, like a linenode state [10, 11, 12] . On the other hand, the decreasing rate of T c due to non-magnetic impurities in this system is much smaller than that of the d-wave superconductor, and it is as small as that of s-wave superconductor MgB 2 [13] . This fact suggests that the sign of the superconducting gap function is unchanged everywhere.
In considering the mechanism and the pairing symmetry of superconductor, the Fermi surface (FS) topology gives the most important information. The FSs in Na x CoO 2 are composed of t 2g -orbitals of Co ion, which split into the a 1g -orbital and twofold e ′ g -orbitals due to crystalline electric field. The first principle calculation based on local density approximation (LDA) [14] had predicted the presence of six small hole pockets due to the e ′ g bands near the K-points, in addition to a cylindrical FS due to the a 1g band around Γ-point. However, such e ′ g hole pockets are not observed in ARPES measurements, since the e ′ g bands are completely below the Fermi level independently of the Na content [15] . They are also not observed in the bulk-sensitive ARPES using soft X-ray that has longer escape depth [16] . Moreover, the shape of FS does not change by the intercalation of water [17] . We stress that an estimated specific heat coefficient γ est using the a 1g Fermi velocity given by ARPES [18] is consistent with experimental vaule γ ∼ 11 mJ/mol K 2 . If there were e ′ g hole pockets, the realized γ should be about 3 times greater than the experimental value because of the large density of states (DOS) given by the e ′ g hole pockets, as pointed out in Ref. [19] . This fact reinforces the observation by ARPES measurements.
To determine the FS topology theoretically, present authors have studied the normal electronic state of Na x CoO 2 based on the fluctuation-exchange (FLEX) approximation, which is a self-consistent spin-fluctuation theory [19] . In the FLEX approximation, experimentally observed weak pseudogap behaviors in the DOS and magnetic susceptibility appear when the top of the e ′ g -band is slightly below the Fermi level, that is, the e ′ g hole pockets are absent. We found that the weak pseudogap behav-iors originate from (i) antiferromagnetic (AF) fluctuations due to Coulomb interaction, and (ii) large DOS of the e ′ g hole pockets that exist slightly below the Fermi level. When e ′ g hole pockets are present, on the other hand, ferromagnetic fluctuations are induced by the e ′ g hole pockets, and "anti-pseudogap behavior" appears in the DOS [19] . These results are highly inconsistent with experiments. Therefore, Na x CoO 2 should have a single cylindrical FS around the Γ-point.
After the discovery of Na x CoO 2 · yH 2 O, various kinds of superconducting states had been proposed [20, 21, 22] . In particular, possibility of triplet superconducting state due to Coulomb interaction were investigated based on the FS with e ′ g hole pockets, by using perturbational theory [23, 24] or FLEX approximation [25, 26] . However, successive experimental efforts had revealed that e ′ g hole pockets are absent [17] , and singlet superconducting state is realized [7, 8] . Moreover, ferromagnetic fluctuations are not observed by inelastic neutron diffraction in a superconducting single crystal [27] . Therefore, we now have to find a mechanism of singlet superconducting based on the large a 1g FS around the Γ point. If e ′ g hole pockets are absent, however, the expected magnetic fluctuations seem to be too small to realize unconventional superconductivity [25] . Considering the small impurity effect on T c [13] , we should examine the possibility of superconductivity caused by the electron-phonon interaction (EPI). In fact, several experimental studies show the presence of considerable electron-boson coupling in Na x CoO 2 : For example, the kink structure was observed in the quasiparticle spectrum in ARPES measurement at ω ∼ 600 cm −1 [16] . In addition, ω-dependence of scattering rate in infrared spectroscopy shows a steep upturn at ω = 500 ∼ 600 cm −1 [6] . These experiments suggest the strong electron-boson coupling. Since the energy of these bosonic modes corresponds to the frequency of relevant optical phonons, EPI is expected to be strong in Na x CoO 2 .
We have studied the electron-phonon mechanism for superconductivity in our previous paper [28] , by noticing two kinds of the optical modes (breathing (A 1g ) and shear (E g ) modes) that strongly couple with 3d electrons in Co. We have found that the shear mode phonon, which represents the oscillation of O ions parallel to the CoO 2 layer, induces the transition of Cooper pairs between different bands. Due to this mechanism, a considerably strong pairing interaction for s-wave pairing is realized, which is known as the Suhl-Kondo (SK) mechanism [29] . The SK mechanism works even if e ′ g hole pockets are absent, as long as the top of the e ′ g -band (valence band) is close to the Fermi level compared with phonon frequency [28] . In Ref. [28] , we have discussed that s-wave superconductivity due to this "valence band SK effect" is expected to be realized in water-intercalated Na x CoO 2 ·yH 2 O since the top of the valence band is supposed to approach the Fermi level [30, 31] . We note that extended s-wave scenario had been proposed based on the two concentric a 1g FSs model [32, 33] .
However, we did not take account of the large Coulomb repulsive interaction in 3d orbitals of Co in Ref. [28] , which works to prevent the s-wave pairing. It is an important problem to elucidate whether or not the attractive force due to EPI overcomes the Coulomb repulsion and an s-wave superconductivity can be realized. For that purpose, we have to know the values of EPI and the Coulomb interaction precisely. According to a recent first-principle cluster calculation based on a quantum chemical ab-initio method, the Coulomb interaction at Co site in Na x CoO 2 is 4 ∼ 5 eV [34] . Also, the mass enhancement factor in M x CoO 2 (M=Na, K or Rb) due to optical phonons at ∼ 0.1 eV is estimated to be m * /m ∼ 2 by ARPES measurement [16] . However, there is little information about the precise matrix elements of EPI in Na x CoO 2 .
In this paper, we quantitatively examine the EPI between 3d electrons and relevant optical phonons that involve the deformation of CoO 6 octahedron. The EPI originates from both the change of the Coulomb potential and that of the transfer integral due to the displacement of O ions. We calculate the value of EPI using the second order perturbation of the transfer integral. We find that the EPI for shear phonon is considerably increased by the trigonal distortion of CoO 2 layer, which had not been taken into account in our previous study [28] . Thus, s-wave superconductivity can be realized in Na x CoO 2 · yH 2 O irrespective of the large Coulomb interaction U ∼ 5 eV. We also study the oxygen isotope effect on T c , and find that it becomes very small when U = 4 ∼ 6 eV. This paper is organized as follows. In §II, we derive the EPI microscopically in case with and without distortion of CoO 2 layers. We discuss the change of EPI due to intercalation of water. The erroneous result of EPI given in Ref. [28] is corrected. In §III, we explain the 3-band model for t 2g electron system, and we derive the linearized gap equation. In §IV, numerical results of the transition temperature are obtained by solving the gap equation numerically. In §V, we discuss the robustness of s-wave superconductivity over the strong Coulomb interaction. We also discuss the oxygen isotope effect and the possible mechanism of anisotropic s-wave superconducting state in Na x CoO 2 · yH 2 O. Finally, results of this paper are summarized in §VI.
II. ELECTRON PHONON INTERACTION IN
NaxCoO2 · yH2O
In this section, we derive the EPI in Na x CoO 2 · yH 2 O microscopically. This compound consists of two dimensional CoO 2 layers separated by a thick insulating layer composed of Na ions and H 2 O molecules. CoO 2 layer comprises a triangular network of CoO 6 octahedra that share edges as shown in Fig. 1 (a) . In this network, Co ions (black circles in Fig. 1 (a) + ) is z, the hole number is given by 1 − x − z [35] . Since the present paper is devoted to the s-wave superconductivity due to the EPI, obtained results depends not on the hole number, but on the top of the e ′ g -bands measured from the Fermi level. For this reason, we do not consider the existence of the oxonium ion hereafter.
Next, we determine the optical phonon modes that cause strong EPI. In Na x CoO 2 , there are 14 kinds of optical modes at zone center [36] . Since the potentials of t 2g orbitals are considerably changed by the deformation of CoO 6 octahedron and each CoO 2 layer is almost isolated, we have only to consider single CoO 2 -layer phonon modes. According to Ref. [28] , there are 4 single-layer phonon modes. Among them, the ungerade modes in which all O ions move in the same directions has no couplings with t 2g electrons within the linear term of the displacement. As a result, only the A 1g mode (breathing mode) and the E 1g mode (shear mode) strongly couple with t 2g electrons. In breathing mode and shear mode, O ions oscillate in the direction parallel and perpendicular to the CoO 2 layer, respectively, as shown in Fig. 1 (b) .
Here, we describe the method of calculation of the EPI. We focus on the zone center modes and calculate the EPI via the frozen phonon method. To obtain the EPI, we calculate the change of potentials of t 2g orbitals due to the displacement of six O ions in CoO 6 octahedron, which is shown in Fig. 1 (c) . We consider two types of contributions to the EPI; one is the Coulomb potential by O 2− ions, and the other is the effective potential due to the transfer integrals between Co and O. In Ref. [28] , we consider the EPI due to transfer integrals up to the fourth order processes. However, the third order term was wrong in sign. After correcting this mistake, we verified that a reliable EPI can be obtained by the second order perturbation since the third order term and the fourth order term almost cancel. In the present study, we find that the effect of trigonal distortion on EPI, which was not taken into account in the previous study [28] , is significant. The calculation of the EPI (in the presence of trigonal distortion) will be shown in §II A ( §II B) in 
A. EPI in the absence of trigonal distortion
Here, we calculate the EPI between t 2g electrons and optical phonons in the absence of trigonal distortion of CoO 6 octahedron. We set the xyz coordinate system as shown in Fig. 1 
Here, we choose the orthogonal bases as
and 
where we have dropped the fourth and higher order terms in x, y and z. The matrix elements of the EPI due to Coulomb potential is given by µ|δV α C |ν , where µ, ν = x, y, z. Since the wave function for µν-orbital (µν = xy, yz, or zx) is expressed as φ µν (r) = √ 15 µν r 2 φ(r), it is easy to show that yz|xy|zx = 
where the first, the second and the third column (row) correspond to d xy , d yz and d zx orbitals, respectively.
Here, we change the basis of t 2g -orbitals from the (d xy , 
By operatingÛ andÛ † on the left side and the right side of the matrix in Eq. (4), respectively, the matrix form of the EPI in the (a 1g , e ′1 g , e ′2 g )-basis is given bŷ
Here, we introduce a dimensionless parameterũ α = u α / /2M ω α that represents a displacement due to α-mode phonon as the unit of zero-point motion /2M ω α , where ω α is the frequency of α-mode phonon. Then,ũ α is expressed by the sum of creation and annihilation operators for the α-mode phonon,ũ α = b α + b † α . Next, we calculate the EPI for shear phonons. Using
, we obtain the matrix form of the EPI for shear phonons from Eqs. (2)
By transforming Eqs. (8)- (9) into the expression in the (a 1g , e
g )-basis, we obtain
Thus, the EPI originating from the Coulomb potential is represented by four coupling constants a
Next, we derive the EPI that originates from the changes of d-p transfer integrals between Co and O. For this purpose, we consider the CoO 6 octahedron in which Co 4+ ion (hole number is unity) is surrounded by six O 2− (no holes) ions. In this octahedron, the uncertainly principle allows the virtual process in which a hole in d orbitals transfers to p orbitals and turns back. By this second-order process, the effective potential of a hole in d orbitals is lowered by −t 2 pd /∆ pd , where t pd is the d-p transfer integral and ∆ pd (> 0) is the charge transfer energy. When the transfer integral is changed by δt pd , the effective potential of a hole becomes −(t pd + δt pd ) 2 /∆ pd . Thus, in the electron representation, the change of the effective potential is given by δV T = 2t pd δt pd /∆ pd . In CoO 6 octahedron, the total change of the effective po-
where t pd (i, l, m) represents the d-p transfer integrals between l orbital of Co (l = d xy , d yz , d zx ) and m orbital of O (m = p x , p y , p z ) at i site (i = 1 ∼ 6), and δt α pd (i, l, m) is the change of t pd (i, l, m) due to α-mode phonon. In the absence of trigonal distortion, t pd (i, l, m) is given by Slater-Koster parameter t pdπ only, as shown in Fig. 3 . For example, t pd (i = 1, l = d xy , m = p y ) = −t pdπ and t pd (i = 4, l = d xy , m = p y ) = t pdπ . According to Harrison's law [37] , t pdπ is proportional to a −4 , where a is the distance between Co and O. Then, δt pdπ = −t pdπ 4 a δa. Now, we calculate (δV
For each l, t pd (i, l, m) is finite only for four sets of (i, m). After taking the summation of i and m in Eq. (14), we obtain (δV
By performing similar analysis, we obtain (δV
′ by using the Slater Koster formula [38] , without necessity to use Harrison's law. As a result, the matrix representation for breathing phonon in the (d xy , d yz , d zx )-basis is expressed as follows:
Equation (15) is transformed in the (a 1g , e
In the same way, we can derive the EPI for shear phonons. For SH1 mode ( 
for i = 1, 2, 4, 5, and t pd (i, l, m)
u SH1 for i = 3, 6. As a result, we obtain
By transforming Eqs. (18)- (19) into (a 1g , e
′1
g , e
′2
g )-basis, we obtainδ
Thus, the EPI originating from d-p transfer integrals is represented by four coupling constants a 
B. EPI in the presence of trigonal distortion
In §II A, we have calculated the EPI in the absence of trigonal distortion. However, CoO 2 layer in Na x CoO 2 becomes thinner due to the trigonal distortion, and it is increased by the water intercalation. Since this change of crystal structure can modify the EPI prominently, we calculate the EPI in the presence of trigonal distortion in this subsection.
Owing to the trigonal distortion, the position of O ions move along the c crystal axis. Then, the changes of the coordinates of
, where b (> 0) is the magnitude of displacement. According to the neutron scattering measurement [39] , O 1 -Co-O 5 angle θ 15 for unhydrated Na x CoO 2 and hydrated Na x CoO 2 · yH 2 O are 84
• and 82
• , respectively. Thus, we can determine the value of b from θ 15 by solving the following equation.
where m = b/( √ 3a). Using the values of b obtained in Eq. (23), we derive the EPI in the presence of trigonal distortion as follows.
First, we calculate the EPI originating from the change of the Coulomb potential. In the case of m = 0, the u α -linear terms of the Coulomb potentials are given in Eqs. (1)-(3) . Up to the first order of m = b/( √ 3a), they are modified as
δV SH2 C (r) = 2e
As a result, the coupling constants a 
The values of m at θ 15 = 84
• are m ≃ 0.051 and 0.068, respectively. Therefore, b are shown in Table I . In calculating these values, we use Table I , we use the exact expressions for them with respect to m.
Next, we calculate the EPI due to the change of dp transfer integrals. In the absence of trigonal distortion, we have only to consider the contribution of t pdπ to t pd (i, l, m). In contrast, we have also to consider the contribution of t pdσ in the presence of trigonal distortion, and the d-p transfer integral t pd (i, l, m) is given by using the Slater-Koster formula [38] . Then, we can obtain δt α pd (i, l, m) with the aid of the Harrison's law t ∝ a −4 [37] . As a result, EPI can be derived from Eq. (14) . The obtained values of a Table  I . In calculating these values, we use t pdσ = −1.70 eV, t pdπ = 0.785 eV and ∆ pd = 1.81 eV according to Ref. [19] .
We have calculated the EPI between t 2g electrons and zone center phonons (q=0). Hereafter, we neglect the qdependences of the EPI matrix elements for simplicity, by expecting that their q-dependences are smeared out after the q-summation. The dimensionless displacement due to α-mode phonon in EPI can be expressed as the sum of creation and annihilation operators for phonon,ũ • electrons and optical phonons are represented as follows.
whereĉ kσ = (c k,a1g,σ c k,e ′1 g ,σ c k,e ′2 g ,σ ) is the column vector of annihilation operators for electrons, and b α,q is annihilation operator of α-mode phonon. Then,V α has the following form:
where a i = a [28] . Then, the shift in the 3d level is [14, 19] , both a 1 and a 2 are reduced to 20% of their original (unscreened) values. On the other hand, such a screening effect is absent for shear phonons since Tr{V SH } is equal to 0. In later sections, we use b 1 = 0.20 and b 2 = 0.067 (eV) for the unhydrated Na x CoO 2 (θ 15 = 84
• ), and b 1 = 0.23 and b 2 = 0.078 (eV) for the hydrated Na x CoO 2 (θ 15 = 82
• ). In both cases, we set a 1 = 0.22 and a 2 = 0.25 (eV).
III. DERIVATION OF GAP EQUATION
In this section, we formulate the model and derive the linearized gap equation. First, we explain the energy dependence of the DOS in the present model. In Na x CoO 2 , there are three electronic bands (one a 1g -band and two e ′ g -bands) near the Fermi level, which are composed of 3d orbitals of Co ion and 2p orbitals of O ion in CoO 2 layer. In these bands, the a 1g -band crosses the Fermi level, and the e ′ g -bands are below the Fermi level (valence bands). Figure 4 shows the d-electron DOS of each band per spin that is obtained by the tight-binding model given in Ref. [19] . In the numerical study, we approximate d-electron DOS by the following rectangle function.
where ∆ (< 0) is the top of the e ′ g bands measured from the Fermi level. The total d-electron DOS is ρ a1g (ω) + 2ρ eg ′ (ω). Here, we regard ∆ as variable. Equations (33) and (34) are shown in Fig. 4 (a) and (b) , respectively. Both ρ a1g (ω) and ρ eg ′ (ω) in Eqs. (33) and (34) [14] as well as the tight binding model [19] . Here, the number of hole is 0.65, which corresponds the hole number of Na 0. 35 Although LDA band calculation predicts ∆ > 0 (i.e., presence of e ′ g hole pockets) [14] , the relation ∆ < 0 had been confirmed experimentally [15, 17, 18] . To solve this discrepancy, many people had studied the strong correlation effect, which is neglected in the LDA, using the Gutzwiller approximation [42] and the dynamical mean field approximation [43, 44] . References [42, 44] claim that e ′ g hole pockets predicted by the LDA disappears (i.e., ∆ < 0) due to strong Coulomb interaction. We had also pointed out in Ref. [28] that the EPI (due to shear phonon) shifts the e ′ g -bands downwards by -0.05 eV. In the present paper, we treat ∆ as a model parameter.
A. gap equation
In Ref. [28] , we have studied the linearized gap equation for s-wave superconductivity in the 11-band d-p model. The obtained gap function φ ll ′ (iε n ) does not have 
are column vectors of the gap functions and the linearized anomalous Green functions, respectively, and G ll ′ (k, iε n ) is the normal Green function. ε n = (2n+ 1)πT and ω m = 2mπT are the Matsubara frequencies for fermion and boson, respectively. In Eq. (36), the eigenvalue of the gap equation, λ, increases monotonically as the temperature decreases, and T c is determined by the condition λ = 1. In Eq. (36), we ignore the contribution of l = l ′ since the off-diagonal components of Green function are small. Then, the diagonal component of Green function is approximately given by (38) where U and J are the on-site Coulomb interaction in the same orbital and the pair hopping potential between different orbits, respectively. Hereafter, we set J = U/10 according to the first principle calculation in Ref. [19] .
Since we have assumed that p-electrons are noninteracting,V eff (iω m ) works only for d-electrons. Note that we do not have to consider the Coulomb interaction between different orbitals (U ′ ) and the Hund's coupling term (J H ) since the off-diagonal components of gap function are absent. Now, we treat H U and H J in the Hartree-Fock approximation, by extending the theory of Morel and Anderson [45] . Then,V eff (iω m ) is given bŷ
where
is the phonon Green function for α-mode. ω α is the Debye frequency of α-mode phonon. The first two terms in Eq. (39) represent attractive forces due to EPI, and the last term represents the repulsive force due to the Coulomb interaction. We see that attractive force induced by breathing phonon, which corresponds to the first term in Eq. (39), is reduced by U (or U + J). On the other hand, attractive force due to shear phonon is reduced by J (or 2J).
Here, we calculate F l (iε n ) in Eq. (36) . Instead of summing k in the right-hand side, we perform the energy integration as
where ρ l (ω) is the d-electron DOS defined in Eqs. (33)- (34), and z l (ω) is the renormalization factor given by the self-energy. The renormalization factor due to EPI at ω = 0 is given by z l (0) =
, where Σ BR l (ω) and Σ SH l (ω) are the self-energies given by breathing and shear phonons, respectively. Since the renormalization due to the self-energy takes place only for |ω| < ω α [28] , we approximate z l (ω) as
Note that T c is reduced by z l (ω). In the one-loop approximation [28] , Σ BR l (ω) and Σ SH l (ω) are given by
In deriving above equations, we have put D α (iω m ) = 2 ωα θ(ω α −|ω m |) for simplicity. Then, the differential coefficient of self-energy at ω = 0 is expressed in the following form.
In the next section, we solve Eqs. (35)- (36) selfconsistently using Eqs. (40)- (41), and obtain T c that is determined by the condition λ = 1 in Eq. (35).
IV. NUMERICAL RESULT
Here, we perform numerical study: In calculating T c , important model parameters are a 1 , b 1 and ∆: a 1 (b 1 ) represents the EPI due to breathing mode (shear mode) in the a 1g -orbital (between a 1g -and e ′ g -orbitals), and ∆ is the energy of the top of the e ′ g bands measured from the Fermi level in Fig. 4 (b) . Note that ∆ < 0 experimentally [15, 17, 18] . The values of a 1 and b 1 obtained in the present paper is slightly larger than those used in Ref. [28] . Therefore, the mass enhancement factors in the present model given by Eqs. (46) and (47) are slightly larger than those in Fig. 2 of Ref. [28] : In the present model, z −1 a1g (0) is around 2 for ∆ ∼ −0.02 eV, and it decreases moderately as ∆ decreases.
Then, T c is obtained by solving the set of gap equations (35)- (36) . In the absence of Coulomb interaction, the obtained T c -∆ phase diagram is qualitatively similar to Fig. 4 in Ref. [28] , where obtained T c is about 10 times higher than the experimental T c . In this section, we solve the gap equation in the presence of strong Coulomb interaction between d-electrons. We will show that the obtained T c is reduced to be comparable with experimental T c by assuming reasonable values of U and J. In the presence of shear phonons (b 1 = 0), gap function for e ′ g orbital φ eg ′ (iε n ) is finite even if the e ′ g bands sink below the Fermi level (∆ < 0). Due to this interband transition of Cooper pairs, which we call the valence band SK effect, s-wave T c is considerably enhanced.
In Fig. 5 , we show U -dependence of T c at ∆ = −0.03 eV for unhydrate (b 1 = 0.2 eV and b 1 = 0.067 eV) and hydrate (b 1 = 0.23 eV and b 2 = 0.78 eV) systems, respectively. We see that T c decrease monotonically with U since the attractive force due to phonons is reduced by U . In the absence of shear phonons (b 1 = b 2 = 0), T c is independent of ∆. Experimental T c ∼ 4 × 10 −4 eV is realized at U ∼ 1.75 eV, whereas T c is almost zero for U ≥ 4 eV. In the presence of both breathing and shear phonons, obtained T c is considerably enlarged owing to the valence band SK effect induced by shear phonons, which is represented by b 2 1 in Eq. (39) . For U ∼ 4 eV, obtained T c for hydrate system is more than three times larger than that for unhydrate one. In §V A, we explain the reason why SK effect is strong against large Coulomb interaction. In Fig. 6 , we show the ∆-dependence of T c at U = 4 and 6 eV for unhydrate and hydrate systems, respectively. Note that the cluster calculation using quantum chemical ab-initio methods suggests U = 4.1 ∼ 4.8 eV [34] . In both cases, T c is almost zero if we drop shear phonons (b 1 = b 2 = 0). In the presence of shear phonons, on the other hand, obtained T c is comparable to or higher than experimental T c due to the valence band SK effect for |∆| ω SH . In Fig. 6 , T c increases monotonically with increasing ∆ (< 0) due to SK effect, in particular for |∆| < ω SH . ARPES study in hydrated Na x CoO 2 · yH 2 O [17] suggests that ∆ ∼ −0.03 eV, which is closer to the Fermi level than the Debye frequency of shear phonon ω SH =480 cm −1 ∼0.06 eV. On the other hand, ARPES studies in unhydrated Na x CoO 2 [15, 18] suggest ∆ ∼ −0.1 eV. Therefore, our results are consistent with these experimental results.
The theoretical value of T c in Fig. 6 for |∆| ∼ 0.02 − 0.03 eV is much larger than experimental T c , even for parameters of "without water". Therefore, we also calculate T c for smaller values of b 1 and b 2 in Fig. 6 ; b 1 = 0.18 eV and b 2 = 0.062 eV. The obtained T c for |∆| ∼ 0.02 − 0.03 eV is comparable with experimental value T c = 5K ≈ 0.04 eV.
In Appendix, we analytically study the transition temperature by taking account of the valence band SK effect. The obtained expression for T c is given in Eq. (A14), where the effective coupling constant λ eff is given in Eq. (A15). Since λ 2 , λ 3 ∝ b 1 , the second term in Eq. (A15) represents the contribution due to the valence band SK effect. This term increases as ∆ approaches zero since λ ∆ is a decrease function of ∆ (< 0).
Finally, we summarize the results of this section. Owing to the valence band SK effect, the obtained s-wave T c is relatively high even if we take account of the realistic Coulomb repulsion U = 4 ∼ 6 eV. Moreover, not only ∆ approaches zero but also EPI for shear phonons (b 1 and b 2 ) increase due to the change of crystal structure by water intercalation, as explained in §II B. For this reason, s-wave superconductivity is realized against strong Coulomb interaction in hydrated Na x CoO 2 · yH 2 O. In §IV, we have shown that T c becomes 0 at relatively small U (∼ 4 eV) when we consider only breathing phonon, while large T c is realized even for U ≥ 4 eV when we consider shear phonons as well as breathing phonon. This result indicates that the SK mechanism is suppressed by the Coulomb interactions only slightly. In fact, the attractive force due to shear phonons is reduced by J ∼ U/10, which means that the reduction of the SK mechanism due to Coulomb interaction is very small. Moreover, J is prominently reduced by the retardation effect, as we will explain below:
In a single band model, the retardation effect was discussed by Morel and Anderson [45] . In Appendix, we extend their theory to the multi-band model for Na mate the DOS for the a 1g -and e ′ g -bands as ρ a1g (ω) = ρ a1g θ(W − |ω|) and ρ eg ′ (ω) = ρ eg ′ θ(∆ − ω)θ(W + ω) [see Fig. 9 in appendix]. Here, 2W is the bandwidth of the a 1g -band. In a realistic parameter regime U ≫ J, these equations can be solved easily. The obtained results are
where U * a1g (U * eg ′ ) is renormalized Coulomb interaction between a 1g electrons (e (50) and (51) is square of that for U , J * becomes very small. In the present model, U * a1g /U ≈ 1/7 and J * a1g,eg ′ /J ≈ 1/42 at U ≈ 5 eV. For this reason, the effect of the Coulomb interactions on the SK mechanism becomes remarkably small. Therefore, in the case of |∆| ≪ ω D , s-wave superconducting state is realized owing to the SK effect even in the presence of strong Coulomb interaction.
B. Isotope effect on Tc
Recently, Yokoi et al. studied the isotope effect on T c in Na x CoO 2 · yH 2 O by substituting 16 O atoms with 18 O atoms [47] . They found that the isotope effect coefficient α (T c ∝ M −α , where M is the mass of O ion) is considerably smaller than the simple BCS value 0.5. Here, we study the isotope effect on T c in the present model, and explain that the value of α approaches zero because of the strong Coulomb interaction.
According to the BCS theory, T c in a single band model is T c = 1.13ω D e −1/λ * and λ * = 2N (0)a 2 /ω D − µ * , where N (0) is the density of states, a is the EPI, and
In the case of µ
e., α = 0.5). However, α becomes smaller than 0.5 in the case of U > 0, since µ * decreases as M (∝ ω −2 D ) increases. In fact, α ∼ 0 in Ru and Zr, both of which are 4d-electron s-wave superconductors. Since both N (0)U and ω D /W are relatively large in Na x CoO 2 · yH 2 O, the value of α is expected to be much smaller than 0.5. Table II.) For both parameters, the reduction of T c due to isotope effect, ∆T c , decreases with U . We see that ∆T c becomes almost 0 at U ∼ 5 eV, and it becomes positive at U = 6 eV. Therefore, ∆T c in Na x CoO 2 may be too small to probe it experimentally. At U = 3 eV, the obtained α is about half of the BCS value (α = 0.5). α becomes almost 0 at U = 5 eV, and it becomes negative at U = 6 eV (inverse isotope effect). Therefore, α approaches zero in Na x CoO 2 ·yH 2 due to the strong Coulomb interaction, even if the s-wave superconductivity is caused by EPI. In this paper, we have studied the s-wave superconducting state due to EPI in Na x CoO 2 · yH 2 O. However, the nuclear relaxation ratio 1/T 1 is proportional to T 3 below T c , which suggests that the nodal superconducting state is realized [12] . Presence of gap anisotropy is also indicated by the specific heat measurements below T c [48, 49] . In the present calculation, we have neglected the k-dependence of the superconducting gap for simplicity. Here, we discuss the possibility of realizing an anisotropic s-wave state in Na x CoO 2 · yH 2 O, resulting from the coexistence of the strong EPI and the AF fluctuations.
In (Y,Lu)Ni 2 B 2 C, strongly anisotropic superconducting state is realized below T c ∼ 15 K [50, 51] . The superconducting gap becomes isotropic by introducing small amount of impurities, whereas T c is almost unchanged [52] . They are hallmarks of anisotropic s-wave superconducting state. According to Ref. [50] , the ratio of gap anisotropy reaches ∆ max /∆ min ∼ 10 in a clean sample. Recently, one of the authors of this paper had studied the mechanism of this anisotropic s-wave superconductivity [53] : By solving the strong coupling Eliashberg equation, he found that the s-wave superconducting gap due to the EPI can be strongly anisotropic even in a single FS model, if strong AF fluctuations exist. In this case, pairs of gap minima appear at points on the FS which are connected by the nesting vector Q. In the normal state of Na x CoO 2 · yH 2 O, prominent AF fluctuations had been observed by 1/T 1 measurements [12, 54] . According to Ref. [54] , Na x CoO 2 · yH 2 O locates in the close vicinity of the AF quantum critical point. Recent neutron diffraction measurement reports that the wavevector of the AF fluctuations is Q 2 = −→ ΓM = (0, 2π/ √ 3) and (π, ±π/ √ 3) [55] .
According to the study using the FLEX approximation [19] , there are two candidates for the nesting vectors in Na x CoO 2 for ∆ < 0. One is Q 1 = − → ΓK = (4π/3, 0) and (±2π/3, 2π/ √ 3) that originates from the a 1g large FS around Γ-point. The another one is Q 2 that originates from the nesting of e ′ g hole pockets near K-points. Note that the AF fluctuations with Q 2 appear when the top of the e ′ g bands is very close to Fermi level [19] . When the hole number is 0.65, which corresponds to the hole number of Na 0.35 CoO 2 ·1.3H 2 O without oxonium ion, the resultant minimum gap points are shown in Fig 8 (a) , when the wavenumber of AF fluctuations is either Q 1 or Q 2 . Note that the sign of the gap function is the same everywhere. On the other hand, when the hole number is about 0.5, which can be realized in the presence of oxonium ion as a substitute for water molecule [35] , the resultant minimum gap points are shown in Fig 8 (b) when the wavenumber of AF fluctuations is Q 2 . In both cases, anisotropic s-wave superconductivity is realized in the e ′ g -band FS in Na x CoO 2 · yH 2 O. In Ref. [53] , we have shown that the relation 1/T 1 ∝ T 3 below T c can be realized in the anisotropic s-wave state under the influence of strong AF fluctuations. Moreover, we have recently verified that the two-gap type specific heat observed in Refs. [48, 49] can be realized in this anisotropic s-wave state, by considering only the a 1g FS [56] . It is an important future problem to reproduce the anisotropic s-wave state microscopically based on the d-p Holstein Hubbard model for Na x CoO 2 .
VI. SUMMARY
In Na x CoO 2 , existence of the strong EPI is suggested by ARPES measurements [16] , and the absence of impurity effect on T c strongly indicates the realization of the s-wave superconducting state without sign change of the gap function. In the present paper, we have studied the electron-phonon mechanism of superconductivity by considering two relevant optical phonon modes (breathing and shear phonons), and found that strong pairing interaction is caused by the interband hopping of Cooper pairs induced by shear phonons. This mechanism is im-portant even if the top of e ′ g electron band is close to but below the Fermi level as suggested experimentally. Therefore, this valence-band SK mechanism is the origin of s-wave superconductivity in Na x CoO 2 , overcoming the strong Coulomb interaction U ∼ 5 eV.
In this paper, we have derived the EPI for breathing and shear phonons by considering both the Coulomb potential and the transfer integrals. The estimated EPI for shear phonon is prominently increased by water intercalation, resulting from the increase of trigonal distortion of CoO 2 layer. According to the point charge model, the top of the e ′ g bands ∆(< 0) is expected to approach the Fermi level due to water intercalation. Both effects induced by the water intercalation will raise T c due to the SK mechanism.
Based on the obtained model Hamiltonian, we determine T c by solving the strong coupling Eliashberg equation. The SK mechanism is seldom damaged by the Coulomb interaction since the pair hopping J, which is the depairing force for the SK mechanism, is much smaller than U . For this reason, experimental T c ∼ 5 K is realized irrespective of the realistic Coulomb interaction U ∼ 5 eV. We have also studied the oxygen isotope effect ( band SK effect. λ ∆ monotonically decreases with increasing ∆. Therefore, T c increase as the top of the e ′ g band approaches the Fermi level.
